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LIMITING WEAK-TYPE BEHAVIOR FOR SINGULAR
INTEGRAL AND MAXIMAL OPERATORS

PRABHU JANAKIRAMAN

ABSTRACT. The following limit result holds for the weak—type (1,1) constant
of dilation-commuting singular integral operator T in R™: for f € L'(R"),
f =0,

1
fim Ame € B T5@) > = 2 [ 10@)do@) .

For the maximal operator M, the corresponding result is

lim A mfz € R : [Mf()] > A} = || /]

1. INTRODUCTION

A dilation-commuting singular integral operator T acting on LP(R"), 1 < p < oo,
is defined by ( )
. Qz—y
Tf(x) = lim vt o fy)dy,
where €2 is homogeneous of degree 0, and satisfies the cancellation property
Jgn—1 Q(x)do(x) = 0 and a continuity condition (L3) mentioned below. In [IT],
the author has described the usual theory for these operators and addressed the
search for the best constants in the strong—type and weak—type inequalities satisfied
by these operators. The main reference is Stein [I5]. The strong—type property is:
For 1 < p < oo, there exists a constant Cj, ,, > 0 such that for all f € LP(R"),

(1.1) ITfll, < Conll f1I,-

The weak-type property is: For p = 1, there exists a constant C,, such that for all
feLYR™), A>0,

(12) mla s [Tf (@) > X) < S £y

The usual Calderén-Zygmund method of rotations gives precise information on the
constant Cp , in (LI for a wide subclass of operators T'. In fact, if © is an odd
function, that is, if Q(—z) = —Q(), then Cp,, = FH, [g.-1 [Q(z)|do(z), where
H, is the strong—type constant for the Hilbert transform. See Iwaniec-Martin [10].
Such detailed information is at present unavailable for the weak—type constant C,,
in (L2)), although a possible conjecture is that it should be 5 H; [g,_, [Q(z)|do(z),
where H; is the weak—type constant for the Hilbert transform. In [II], the author
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has shown that C,, is at worst clogn [,_, |Q(z)|do(x) using a certain modification
of the Calderén-Zygmund decomposition and a new regularity condition on {2: For
gesmho<s<

(1.3) /s"—l |z — 0¢) — Qz)|do(x) < end s |Q(x)|do(z),

where c is independent of dimension. The proof is then applied to the special case
of the j'" Riesz transform R; defined with

L2 o
Q)= 2 /7J
('T) 7Tn-2f—1 |.'L'|’

and its weak—type constant is shown to be at worst clogn. Hence
clogn

201 1y

When n = 1, there is only one Riesz transform on the real line; this is the Hilbert
transform H. Given f € LP(R), 1 < p < oo, define

Hf(xz)= 1 p.v. /_Oo @dt.

™

(L4) mla: |R; f(2)] > ) <

The special feature of the Hilbert transform is that f and Hf are the boundary
values of conjugate harmonic functions on the upper half space. Let u and v be
harmonic extensions to Ri of f and H f, respectively. Then u + iv is analytic on
]Rf_. In particular,

(1.5) Vu - Vo =0 and |Vv| < |Vul.

These properties have been used to evaluate through both analytic and probabilistic
techniques the exact values of the strong-type H, for 1 < p < oo and weak-type
constant H; for p = 1. See [13], [5] and [1]. The harmonic extensions of the Riesz
transforms are also conjugate harmonic functions on the upper half space. Let u;
be the harmonic extension of R;f to R’t. Here Ry is the identity operator. Then

(1.6) 0uj _,
=0 6$j
and for i # j,
Ou;  Ou;
1. L=

These properties have been used by several authors ([16], [8], [2], [I4]) to study
the strong-type (p,p) constant for the Riesz transform R;, which is now known
([I0], [3]) to equal that of the Hilbert transform H. However the techniques used in
finding the weak—type (1, 1) constant for H ([5], [1]) rely on the gradient conditions
(X)) which do not follow from (6) and (7). Hence this question remains open
for R;.

The conjecture is that the constant in (4] is independent of dimension and that
Cy in ([L2) is just ¢ [g,_, [Q(z)|do(z). Though the Calderén-Zygmund theory may
not be sufficient to get this result, a modification of the decomposition followed by
some precise analysis allowed the author to reduce to the logn constants stated
above. By extending these methods to a limiting situation, the following theorem
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is proved in this paper. Let v be an absolutely continuous signed measure on R"
with |v|(R™) < oo. Define

Oz —
Tv(z) = lim M
=0 |lz—y|>e |$ yl

dv(y).

Here © is homogeneous of degree 0, and satisfies [, , Q(z)do(z) = 0 and the
regularity condition (I3]). Then

Theorem 1.1.
lim A m{z e R" : |[Tv(z)| > A\} = (l/ |Q(x)|do(x)) [v(R™)].
A—0 n Jgn-1

The reason for working with measures is to allow some ease in writing the proof
and to extend analogously to the setting of maximal operators. Note that the theo-
rem gives the lower bound for the weak—type constant of T as  [o,,_, [Q(x)|do ().
Moreover it implies

Corollary 1.1.
. 1
(1.8) inf |70y > —/ 10(2)|do (),
n Jgn-1
where the infimum is taken over all absolutely continuous probability measures, and
|- lwqy is the weak—type (1,1) norm defined by

llgllw) = sup A m{z € R"™ : [g(x)| > A}.
A>0

In Section [3] analogous results are proved for the maximal operator. The Hardy-
Littlewood maximal operator M is defined by

1
Mf(z) = ili%’ m /B(w) |f(y)|dy,

for f € LP(R™), 1 < p < oo. This operator is strong-type (p,p) and weak—
type (1,1). The strong—type constant is independent of dimension ([I9]), and the
question is open for the weak—type constant. Stein and Stromberg ([19]) proved
that the constant C,, in

Cn
m{z € R": [Mf(z)] > A} < =[£Il
is at worst order n. Following the proof of Theorem [T the following limit result
is proved for M: for f € L'(R"),
;in%)\ m{z € R" : M f(x) > A} = ||f|1-

The theorem is proved in a more general setting in Section Bl Again observe that
this means

Corollary 1.2.

inf [ M fllw@) = 1,
where the infimum is taken over all functions f € LY(R™) with ||f|li = 1 and
1M fllw(1) = supyso A m{z € R™ : M f(x) > A}.

Section Bl introduces these infimums as lower operator norms and suggests some
open questions.
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2. PrRoOOF OoF THEOREM [L.]]

Let v be an absolutely continuous signed measure on R” with |v|(R") < oc.
Define Tv(x) = lim._ fx J>e flzw(mylyw) dv(y). Here Q is homogeneous of degree 0,

satisfies (L3), and [g,_, [Q(z)|do(x) = 0. Let v be the dilated measure: v, (E) =
v(}E). Theorem [ states that

lim X iz € B : [Tw(2)] > A} = (% /S |Q(x)|do(x)) IW(R™)|.

For the proof of this, two lemmas are needed.

Lemma 2.1. m{z € R : 2@l 5 )1 — L Jgn1 [Q(z)|do(z).

‘zln

Proof. Let Ey = {z e R : 2@l 5 \1 For ¢ € §771 et

REIR

Ge={r{:0<r<

Then G¢ C Ey and UfES"71 G¢ = E). Therefore

\9(~£>\1/"

/s" 1/ M r"Ydr do(€)

[2(8)[do (€)- O

m(Ex)

TL)\ Sn—1
Lemma 2.2. limy_om{z € R" : [Twy(z)| > A} = (2 [gur [Q(x)|do(2)) [v(R™)].

Proof. Choose § < 1, ¢ > 0, € < 0 and ¢ small so that |[|(B(0,¢)) > 1 — ¢,
where €; < €. Let €3 be the minimal (there is such a minimum because |z| and
|z — y| are comparable given the placement of x and y) positive real number that
satisfies 1|x‘f? < W < :lljﬁr‘f? for all x € B(0,¢1)", y € B(0,¢;). Note that e — 0
as t — 0.

Define v} (z) = Vt|B(0,e,) and v = Vt|B(0,e,)e- Then

Tvy(z) = T} (z) + Tvi(z).

Let

B ={z € R" : [Ty ()| > A},

Ei,/\ ={z eR": |Tv}(z)| > \},
and

Ej\ ={z e R" : |Tv}(z)| > A}.
By the weak—type inequality,

m(Eé’M) = m{x cR": |T1/,52(x)| > 0}

Cn C
< | vZI(R™) = /\|Vt|(B(0»€1) )
< %

oX

Since B |, 5\ C B35, UES and Ef C Ej 5, UE] | 5, the following estimate
holds:

CnE Cn€
(2.1) “sx T m(EY (1 1g)5) < m(ES) < Sy Tm (BT (1-5)0)-
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Since € < 0\ and § < 1, estimates on m(E7 ) should approximate for m(EY).
First observe that

(2.2) m(E] ) = ymer < m(E7 N B(0,e1)°) < m(E] ).
To estimate m(E{ , N B(0,€1)%), split Tv} into two integrals:
Q Qzx—y)—Q
Tv!(z) = lim (x)ndl/tl (y) + lim wdm} (y).
=0 {o—y>ey [ = =0 oypey eyl

For fixed ¢, the triangle inequality gives

en [ i) - || 2w =) D) g1,
{|lz—y|>€¢'} |z — vy {lz—y|>€'} |z —y
< | )
{lz—y|>€'} |z — vy
Q Qz—y)—Q
</ Do)+ [ BEED RO g
{lz—y|>€'} |z — y| {lz—y|>€'} |z — ]
Let

F,={z € B(0,e)" : lim

e’—0

> AL,

{le—yl>€'} '

|z —y["

F; is estimated using the fact that |z —y|™ and |z|™ are comparable via the constant
€2 (see the first few lines of the proof) for x € B(0,€1)“ and y € B(0, ¢;) for ¢ small
and the condition (I3)) assumed for the singular integral operator T'. Also used is
the fact that v} is supported in B(0, ¢;).

niF) < mizepoar: [ BEEEEado) > 17

H

< [ B )
- S LU L) ()
" o <i|) dr} dlv}|(y)
<SG [ Barani)
= ) [ )
< Lt m
< 70”(2;162)6t.
Therefore
(2.4) m(Fy) < Cn(l1+4€e2)e
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(2.5) m{x € B(0,e,)° N Ff : [Ty} (x)] > A}
< m(B{xNB(0,&)°)
Cn(1+ €2)es

< m{z € B(0,e)) N Ff: |Tvt ()] > A} + e
1

On B(0,¢6)° N FF, [Z3) can be replaced by

: Q(z) 1 _
hm/{ dv, (y)| OA

e’ —0 |z—y|>e'} |.’L‘ - y|” t

< lim/ Q(xi_y)dl/tl(y)
{

¢=0 | J{jz—y>ey 2=yl

< lim/{ 2(z) dv}(y)

¢=0 | J{jg—y|>ey [Ty

+ 0N

By the definition of €5, 1‘;% < ﬁ < 1‘:'5? forz € B(0,61)°NFf and y € B(0, €;).
Therefore

|€2()]

[

/ Q(.]j — y) dyl(y)
{

le—y|>€'} |£I7 - y|n !
|€2()]

|z

(1—e2) o ()] - o

A

lim = |Tv} ()]

e/’ —0

IA

(1+€2) |t (R™)] + SA.

From this it follows that
{x € B(0,e1)° N Ff : |Tv}(x)] > A}

(2.6) ¢ e Q@1 (L= OA
C{w € BO,e) N F: S R > ()
and
c c . |Q($)‘ 1/1 n (1 +5)>\
(27) {ﬂf S B(anl) NFE: ‘xln | ¢ (R )| = (1 — 62)

c {z e B(0,6)° NEL: [Tl (z)] > A,

Lemma 1] and (Z.4]) can now be applied to (2.6) and [27) to obtain

1—e9 1 Cn(l + 62)€t
2. _ Q R™)| — P
(28) s [ 190lde(@) )] = e - S
< miz € B(0,e1) N Ff: Tyt ()| > A}
< 1+e

s [ 9@l ) R

Since
[W(R™)] — € < v/ (R™)] < [(R™)| +¢,
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[28) can be replaced by

1— e N Cn(1—e2)e
n(1+ o)A /SH (@) ldo () @] = =55,
e Cn(1 4 €e)e
€l 5)\61

(2.9)

< miz € B(0,e1) N Ff: Ty} ()| > A}
< ﬁ/ 1Q(2)|do(z) |v(R™)| + Cu(l+e2)e
= n(l =96 Jgn n(l—¥48)A
Applying the previously found estimates gives
1—e¢ n Cn(1—e€2)e
2 [ )l e) (k) - 2L
n(l40)"\ Jgn—1 n(l+06)"A
o Gnllte)e  Ce
Tn IXer 3
< mi{z €R": [Ty (x)] > A} = m(EY)
1+e n Cn(1+e)e
< e [ 0@ ) + Stk
n(l—0)"\ Jsn—1 n(l—0)"A
n o 20, (14+e)e  Cpe
M R R
Ast — 0, ¢ — 0 and e — 0. Therefore
1 n O" n
€2(z)|do(z) [v(R")] — € = Tn€l

n(1+ 0)°A Jgn— n(146)°A
hgni(r)lf m{z € R" : [Tvy(z)| > A} < limsupm{x € R" : [Twy(x)| > A}
- t—0

VAN

1
n(1—68)2\ Jgn—

C C
Qx)|do(z) [VRY)| + ——2——€ + 7™ + —€.
) ote) [ (B + e+ +

Finally since € is arbitrarily small relative to the remaining small constants, first
let ¢ — 0 and then let 6 — 0 and €; — 0. This gives the final result:

1
lim miz € R : [Try()] > A} = —/ 10(2)|do () |v(R™). 0
t—0 n Sn—1

Proof of Theorem [l Step 1: T (x) = (Tv)(x)

Tvi(z) = lim Qe —y)
=0 J(yl>ep T —yl"

O(z_¥

= lim 7(; yt)ndl/(g)
=0 s ey [ - ¥
1 T

= @) () = @)

tn

dvi(y)
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Step 2:
m{z € R" : |[T|(z) > A}
= m{x eR™: tln|TV| (%) > )\}
= m{x eER":|Tv]| (%) > )\t”}
= tnm{§ eR™: |Ty| (%) > )\t"}.
Therefore,

Am{z € R" : [Ty (x) > A} = M"m{z € R" : [Tv(z)| > M"}.
Let ¢ — 0. Then by Lemma 2.2

1
_/ Q(2)|do(x) = lim Mm{z € R™ : [Tw(z)] > M"}
n Sgn—1 t—0

= )l\in%))\ m{z € R" : |Tv(z)| > A}. O
The following is true when A — oo: For f € L1(R"),
)\lim Am{z e R" : |Tf(z)] > A} =0.
To check this, let € > 0 be given and let f = fi + fo, where f; € L'(R™) N L?(R"),
il > @ =€)l fllx and [[f2[lx < 2¢/f]|1. Then
Am{z e R" : |Tf(z)| > A}
Am{z € R": |Tfi(x)] > 27N} + Am{z € R" : |Tfa(z)| > 271A}
C

< XHleg + Cellfall;-

IN

The second inequality is due to the fact that T is both weak—type (1,1) and weak—
type (2,2). Therefore

limsup A m{z : |T'f(x)| > A} < Ce| fl];-

A—00

Since € is arbitrary, the claim is proved. This is also true in the case of the maximal
operators considered next.

3. MAXIMAL OPERATORS

Let © = A+ be the space of all finite signed measures on R™. A is the space of
absolutely continuous measures, and ¥ is the space of mutually singular measures
with respect to the Lebesgue measure m. Define the centered maximal operator M
on © by

(3.1) Mv(z) = sup

(3.2) Mv(z) =sup ———
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where the sup is taken over all balls containing z. Also define a difference maximal
operator as follows: Let v = vT — v~ be the Hahn decomposition for a signed
measure v. Define

M2 = Mvt — Mv~.
Then the following limit results hold for the maximal operators. The proofs are
analogous to that of Theorem [[11

Theorem 3.1. Let v be a finite signed measure on R™:
(a) limyx_oAm{x € R": Mv(z) > A} = |[v|(R"™).
(b) limy_oAm{z € R”: Mu(zx) > A} = 2"[v|(R™).
(¢) limyx_oAm{z € R": |M2v(x)| > A} = [v(R")].

The proof of part (a) requires the following analogue of Lemma Without
loss of generality, assume v is a probability measure, that is, v(R™) = |[v|(R™) = 1.

Lemma 3.1. limy_ oA m{z € R" : Miy(x) > A\} = 1.

Note that the right-hand side may be replaced with A m{x € R™ : M§p(z) > A},
where Jg is the delta measure with unit mass at 0.

Proof of Lemma Bl Recall v,(E) = v(1E). Let €, ¢; and § be positive constants,
where € is small relative to e; and §. Choose ¢ small and corresponding ¢; such that
v¢(B(0,€:)) > 1 — e and ¢ < 5. Note that ¢, — 0 as t — 0.

Let x € B(0,¢1)°. Then |x| > €; > 2¢;. Let

B, = {x € B(0,e1)" : A < Miy(z) < m(B(V(i(ET)_ et))}

and
l/t(Rn)
m(B(0, |z — )

E§7)\{IC€B(O,61)CZ)\<MV15(ZL’) and <M1/t(x)}.

Then E7 , and Ef , are disjoint sets whose union is
{x € B(0,€61)° : Mui(x) > A}
For x € E} ,, there exists an r < |z] — ¢; such that
| (B
m(B(z,r))

and hence
vi(B(z,1))
—

By the Wiener Covering Lemma, there exists disjoint collection of such balls
B; = B(xz;,r;) such that Eé,/\ C U, 5B;. Therefore

m(B(z,7)) <

1% Bz) 5"e
(33) nwm<m§mm<w§4r<7“
since B; N B(0,¢;) = 0 for each 3.
For x € E] , and R > 0,
vi(B(z, R)) vi(R")

m(B(, 7)) = M S B e ey
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Let R = |z| 4+ ¢. Then

1—¢ vi(B(z, |z + €)) 1
m(Ba. 2 + &) = m(B,al te)) = ) S B ] =)

M also falls within these bounds. Since
L 1 ODast—0
— —0ast—
(Il =€) (x| +e)m

uniformly on R™\B(0, ¢;) and

€

€
- - 0 t 0
(el+ eyt Japr  ~®07

uniformly on R™\B(0, ¢1), it follows that for ¢ small and = € Ef ,,

m(B(0, [z]))

< 0+ —=——<20
m(B(0,€1))

|[Muy(xz) — Méo(z)] < 6+

(0 > 0 is the prefixed constant mentioned at the start of the proof). Therefore for
z € El,

(3.4) Muyy(x) > A implies Mdg(x) > A — 26.
Now suppose for x € B(0,€1)“, Mdy(z) > X+ 25. Then
1

———— > A+20and |z|] < ————.

m(B(, |z])) v (v (A +26))
For such z, with ¢t and e chosen sufficiently small,

1—e€ 1—ce¢
Muyy(z) > > 1 > A
n(|T] +&)" ———— + )"
Yn(lx] + €) %((vn(M%))% €t)

Therefore in B(0, €1)°,
(3.5) Méo(z) > A + 2§ implies Mvy(z) > A.

That is, 2 € E} . From [B4) and B3), it follows that for § > 0 and t small
enough,

m(Mdg > A+ 256) —m(B(0,¢1)) < m(Ef)\) <m(Mdg > A —26),

or equivalently

1 n t 1
A <m(B) < ——.
rrao e SmlBL) S 5o
Adding m(Ei)\) to the above and applying the estimate m(Eé/\) < 5;€ results in
e <m({(My > A} OB, a)) < €
At2p mer =R V=N T

Now let t — 0 to get liminf and limsup in the interior. Next let ¢ — 0, followed
by the remaining two constants, to get the final result. (I



Proof of Theorem BIla). Step 1: Mui(x) = (Mv)(z).

Step 2: m{z € R" : Myy(x) > A\} =t"m{z e R" : Mv(x) > \t"}.
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MVt ($)

ve(B(x,r)
ili% m(B(x,r)

1947

By Step 1, Mvi(z) > X if and only if Mv () > At". Therefore v € {z € R" :

Mu(z) > A} if and only if ¥ € {x € R" : Mv(x) > At"}. This implies

%{x eER": My (z) > Ay ={z € R": Mv(z) > M\"}.

Taking the measure of the sets gives

1
t—nm{x eR": Muy(z) > A} =m{z e R" : Mv(z) > Xt"}.

Now multiply both sides by At"™ and let ¢ — 0. Lemma B then implies the

result.

d

Proof of Theorem BIIb). The steps are the same as for part (a) with M substituted

for M. Since m{z € R : Mdy(z) > A} = %, the theorem follows.

O

Proof of Theorem Bl(c). This follows if it is shown that M“v; converges in mea-

sure to the function

v(R™)

. This is a consequence of Corollary 3.3l

Corollary 3.1. Let f > 0,€ LP(R™), 0 < p < co. Then

lim Amfe € R : M(f7)(2) > A)]F = || f]],-

The following is a conjecture left for the reader to verify.
Given f € LY(R™) N L (R™), A > 0,

lim [\ m{z € R : M(f7)(z) > A\}]»

p—0oo

[fllo i m([f]>1) >0,
if |[f] <1 ae.,
X, (A) i m(fl=1)>0,m(fl>1)=0.

O

Similar results depending on the support of f should be available for the case p — 0.

An important fact about maximal operators is that if f, g € L*°(R™) with
IFllco # llglloos then M f and Mg are different functions. Theorem Bl gives the
corresponding analogue for functions in L*(R™).

Corollary 3.2. Let f,g € LY(R"™) with ||flx # |9l

different functions.

Then Mf and Mg are

Corollary 3.3. Let v be a probability measure. Then My — Mg in measure.
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Proof. The notation here is the same as in the proof of Theorem BIl(a). See the
beginning of the proof for details on the small constants.

Given ¢’ > 0, let %, <A< %/. Then

n
m(E} ) < 207
and for ¢ small,
|Muv(z) — Mdo(x)| < &'

for z € EY

On R™\{E} , UEjS , UB(0,61)} C {z € B(0,61)° : Mu(z) < 311, it is shown in
proof of Theorem [31l(a) that the constants ¢ and e can be chosen small such that
Méy < %. In particular |[Mv; — Még| < ¢ here as well. Therefore

m{z € R" : [Muy(z) — Mdo(z)] > 0’} < m(E5 ) +m(B(0,e1))
8(5” )
o’
Since € and €; are arbitrary with respect to ', there is convergence in measure. [

IN

+ Yner-

Corollary 3.4. The weak—type constant for M is at best 2™
If € B, of radius r, then B, C B(z,2r). This implies that
Mv < 2" Mu.

Therefore since Stein and Stromberg [19] prove that the weak—type constant for M
is bounded above by cn, Corollary B4l implies that the weak—type constant for M
is between 2™ and cn2™.

The next corollary is on the difference maximal operator M. Let L$°(R") be
the space of compactly supported L*> functions with integral 0. Define

M*(R™) = {v finite signed measure : M*(v) € L*(R™)}.
Then
Corollary 3.5. LF(R") ¢ M'(R").

Proof. Let f € L°(R™). Without loss of generality, assume f]R" |f(z)|dx = 2 so
that fRn [t (z)dz = fRn x)dx = 1. Since M2 commutes with dilations, assume
that supp(f) C B(0,1). As f € L>®(R"), MAf € L>=(R"). Therefore,

/ |MA f(z)|dz < oo.
B(0,n)

Now |[MAf| < [Mf+ — M50| + |M f~ — M§p|. Therefore it suffices to show that
fR”\B 0.n) |Mf*(x)— - \ml" dx < co. Observe as in the proof of Theorem B.] that

in R™\B(0,n),

1 1
< Mft T 1"
ey = MO S SRy

Hence 1 1 1

Mf*(z) - B
M) = e S S =T el

an integrable function outside B(0,n). Therefore M2 f € L*(R™). O



LIMITING WEAK-TYPE BEHAVIOR 1949

It is easy to see that the singular measure , —J_, is not in M!(R") though the
total mass is 0. There may be absolutely continuous measures of measure 0 that
are not in M*(R™). The space H*(R") (see [18]) is the normed subspace of L(R™)
containing all functions f such that the Riesz transforms R;f € L'(R"). As for
M*Y(R™), all functions in H!(R") have integral 0. Hence the relevant question is
to ask whether M'(R") = H'(R") and whether M* : M'(R") — LY(R") is a
bounded operator. The nonsubaddivity of M“ makes this nontrivial.

4. MAXIMAL CONVERGENCE

Corollary shows that given a positive function f with L'-norm 1, its dilation
sequence (f¢) converges to the delta measure dp in a maximal sense, although not
in L'. This suggests the following generalization:

Definition 4.1. Maximal convergence of measures: A sequence of finite signed
measures v; converges maximally to a finite signed measure p if M v; converges in
measure to M p.

An alternate definition would be to require M (v; — p) — 0 in measure. Max-
imal convergence may be equivalent to the following:

[ s@ant@) — [ gaintz)

R?‘L

for all g € C2°(R™). This is the case if v; is a dilation sequence converging to dy.

One purpose of investigating maximal convergence would be to better under-
stand the space of all finite signed measures. Relevant are questions regarding the
completeness of © and denseness of L*(R™) in © under this convergence. Since M is
well defined on the space of locally finite measures, the closure of © if it exists at all
should properly contain ©. More importantly, it opens up the question of whether
the operator M?2 is injective over ©. Consider the centered maximal operator M.
It is known that if f; and fs are two functions with different L> norms, then their
maximal functions are different. Corollary states that this is also true if the L'
norms are different. The next step in this direction is to prove this for 1 < p < co.

5. LOWER OPERATOR NORMS

Let A be an operator acting on LP(R™), 1 < p < oo. Define the lower strong—
type (p,p) norm of A by
(5.1) 1], = inf [Af],,

where the infimum is taken over all functions f € LP(R™) with || f||, = 1. Denote
by HAH;*‘ the lower norm when the infimum is taken over nonnegative functions.
Analogously define the lower weak—type (p,p) norm of A by

(5.2) 1Al ) = if A llup)-
The infimum is taken over all functions f € LP(R") with ||f[|, = 1, and || - || (p) is
defined by

[9llw(p) = sup APm{z € R™ : [g(x)| > A}.
A>0

Denote by HAHij(p) the lower weak—type (p,p) norm when the infimum is taken
over nonnegative functions. When A = M, the maximal operator, the lower norm
| M||! equals the positive lower norm ||M||'* since the functions are always taken
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in absolute value. However the results given below reveal that when A = T, the

singular integral operator, the compelling problem is to find ||T|4" and ”T”ij(p)'
Corollaries [T and [[ 2 state that HTHS'O) > 1 [ |Q2)|do(x) and ||MH£U(1) >

1. The natural conjecture is that there is equality in both cases. The limiting
case is attained by the delta measure &y. That is, |76y = L [gu1 [Q(z)|do(2)
and || Mdol|w(1y = 1. This is proved implicitly in the proofs of the main theorems.
However as Jq is a singular measure, it is not apparent whether the infimum over
nonnegative L' functions attains these values or something strictly greater. In the
special case of the Hilbert transform, the following theorem of Stein and Weiss [21]
verifies that the conjecture is true. They proved that for any measurable set E,

., ANE
(5.3) Am{z € R": |H(xg)(z)| > A} = ﬁ.
It follows that ||H (x&)|lwa) = 2|E|, and hence HH||€U(1) < 2. Since
2 1
2 1@lds@
™ n Jogn-1

for the Hilbert transform, there is equality. Note that the function in (B3] also
gives a candidate for ||H|L". Similar considerations show that the conjecture is
true for the maximal operator M when n = 1. In the general case, the function
XB(0,1) may satisfy the same property with [|Txg(0,1)lw(1) = = [gu1 [Q(z)|do(2)
and ||[Mxpg(,1)llwa) = 1. In the latter case, this is achieved if it is shown that
Mxpo,1) < Mo pointwise.

Davis proves in [6] that for nonnegative f € L'(R) with ||f||; = 1, the weak—
type (1,1) norm ||H fl,1y < 1, and 1 is the best upper constant possible. Hence
combining the two results,

Theorem 5.1. If f is a nonnegative function in L*(R) with | f|l = 1, then
2

(5.4) — <supAm{z eR:|Hf(x)] > A} <1,
T A>0

and the constants are the best possible in (4.

Some more facts are proved below. The first is that ||M\|£U(p) < ||MHL;(1)- To
see this, observe that for p > 1,
sup ’m{x € R" : |[M f(z)| > A} sup A m{z € R" : [M f(z)|P > A}
A>0 A>0

< supAm{z € R" : M(|f]")(x) > A},
A>0

where the last inequality follows from Jensen’s inequality. Now take the inf in
appropriate order to get \|M||iu(p) < ||MH£U(1). However a more precise theorem can
be proved for the maximal operator.

Theorem 5.2. Forn > 2, |M|, =1 for all 5 < p < cc.

Proof. Consider f = xp(o,1), the characteristic function on the unit ball. Then
f< \rl% The latter function, called w, is superharmonic in R™, hence invariant
under M. Let u be the minimal superharmonic function above f. Since f < w,
u(z) < w(z) (in fact, equality holds) when |z| > 1 and w(z) = 1 when |z| < 1.
Hence u € LP(R™) for p > 5. But Mu = u since u is superharmonic. Therefore
[Mull, = |lull, and [|M]], = 1. 0
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Fiorenza [J] observes that nonnegative functions of one or two variables invariant
under M must be constant. This and the above proof can be combined to show that
there exists f € LP(R™) such that M f = f and ||f|, > 0 if and only if n > 3 and
p > 5. This is also proved by Korry [12] using different methods. The next two
theorems give explicit information about ||T||} and || H Hi, using the corresponding
theorems for their operator norms. The singular integral operator T acting on
L?(R") is a Fourier multiplier operator. That is, there exists a function m €
L (R™) such that Tf(€) = m(€)f(€). A well-known theorem on such multipliers
states that the L? norm of 7" equals the L> norm of m. Hence ||T||s = [|m||oo. See
[20] for the details. The same method allows the computation of ||T||5.

Theorem 5.3. Let T be a singular integral operator satisfying the hypothesis of
Theorem [L1l. Let m be its Fourier multiplier. Then

(5.5) 7|5 = sup{t > 0: m{z € R™: |m(x)| <t} = 0}.

The lower strong—type (p,p) norms of the Hilbert transform H are computed
using the fact that H? = I, the identity operator. Let H, = |H|,. This is
calculated in Pichorides [I3] as

0o tan<%), 1<p<2,

cot(%), 2 <p<oo.
Theorem 5.4. For1<p<oo, |H|\=H,".
Proof. Since H* = I, ||f|l, = ||H?fll, < Hp||Hf||,. Therefore |Hfll, > H, | fll,

for all f € LP(R™). Therefore |H|! > H,*'. Given € > 0, let f be such that
|H fllp > (Hp—€)||fllp- Then | Hf|l, > (Hp, —€)||H(Hf)||p- Therefore there exists
g= Hf € LP(R") such that (H, — ¢) gl = | Hgl,» hence (H, — ) > | H]l,

Since e is arbitrary, H, ' > ||H||}. Therefore ||H|. = H,*. O

It is likely that [|R||, = H,! for R = (Ry,...,Ry), the vector Riesz trans-
form. Note that the theorem also implies lim,_; [[H||}, = 0 = lim, . |H|/}, = 0,
suggesting that ||[H||! =0 and ||H||!, = 0.

While Theorems 5.3 and G.dlsuggest trivial or known values for | T'||}, and || T, (p)’
Corollary [Tl and the easy to prove fact that ||T]|{" = oo foretell nontrivial and
interesting results for ||T||L" and ||T||fj(p).

OPEN Problem: Compute the || - ||'* norms for H, R, R, T and M.

6. RESOLVING THE WEAK—TYPE CONSTANT

The weak-type (1, 1) constants for the singular integral operator T and the max-
imal operator M are at worst clogn [g,._, [Q(x)|do(x) and cn, respectively. This is
proved in [I1] and [19]. They are at best = [¢,_, [Q(z)|do(x) and 1 respectively, as
shown in this paper. The Calderén-Zygmund method of rotations shows that the
strong—type (p,p) constant for singular integral operators with odd € is precisely
ZH, [gu_1 |Q(z)|do(z). Here H), is the strong-type (p,p) constant of the Hilbert
transform. From this and the results of this paper, one may conjecture that the
weak-type constant is between 5= Hi [q,_, |Q(x)|do(z) and FHy [g,_. |Q(z)|do(x),
where H; is the weak—type (1,1) constant of the Hilbert transform.
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