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LIMITING WEAK–TYPE BEHAVIOR FOR SINGULAR
INTEGRAL AND MAXIMAL OPERATORS

PRABHU JANAKIRAMAN

Abstract. The following limit result holds for the weak–type (1,1) constant
of dilation-commuting singular integral operator T in R

n: for f ∈ L1(Rn),
f ≥ 0,

lim
λ→0

λ m{x ∈ R
n : |Tf(x)| > λ} =

1

n

∫
Sn−1

|Ω(x)|dσ(x)‖f‖1.

For the maximal operator M , the corresponding result is

lim
λ→0

λ m{x ∈ R
n : |Mf(x)| > λ} = ‖f‖1.

1. Introduction

A dilation-commuting singular integral operator T acting on Lp(Rn), 1 ≤ p < ∞,
is defined by

Tf(x) = lim
ε→0

∫
|x−y|>ε

Ω(x − y)
|x − y|n f(y)dy,

where Ω is homogeneous of degree 0, and satisfies the cancellation property∫
Sn−1 Ω(x)dσ(x) = 0 and a continuity condition (1.3) mentioned below. In [11],

the author has described the usual theory for these operators and addressed the
search for the best constants in the strong–type and weak–type inequalities satisfied
by these operators. The main reference is Stein [15]. The strong–type property is:
For 1 < p < ∞, there exists a constant Cp,n > 0 such that for all f ∈ Lp(Rn),

(1.1) ‖Tf‖p ≤ Cp,n‖ f ‖p.

The weak–type property is: For p = 1, there exists a constant Cn such that for all
f ∈ L1(Rn), λ > 0,

(1.2) m(x : |Tf(x)| > λ) ≤ Cn

λ
‖ f ‖1.

The usual Calderón-Zygmund method of rotations gives precise information on the
constant Cp,n in (1.1) for a wide subclass of operators T . In fact, if Ω is an odd
function, that is, if Ω(−x) = −Ω(x), then Cp,n = π

2 Hp

∫
Sn−1 |Ω(x)|dσ(x), where

Hp is the strong–type constant for the Hilbert transform. See Iwaniec-Martin [10].
Such detailed information is at present unavailable for the weak–type constant Cn

in (1.2), although a possible conjecture is that it should be π
2 H1

∫
Sn−1 |Ω(x)|dσ(x),

where H1 is the weak–type constant for the Hilbert transform. In [11], the author
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has shown that Cn is at worst c log n
∫

Sn−1 |Ω(x)|dσ(x) using a certain modification
of the Calderón-Zygmund decomposition and a new regularity condition on Ω: For
ξ ∈ Sn−1, 0 < δ < 1

n ,

(1.3)
∫

Sn−1
|Ω(x − δξ) − Ω(x)|dσ(x) ≤ cnδ

∫
Sn−1

|Ω(x)|dσ(x),

where c is independent of dimension. The proof is then applied to the special case
of the jth Riesz transform Rj defined with

Ω(x) =
Γ

(
n+1

2

)
π

n+1
2

xj

|x| ,

and its weak–type constant is shown to be at worst c log n. Hence

(1.4) m(x : |Rjf(x)| > λ) ≤ c log n

λ
‖ f ‖1.

When n = 1, there is only one Riesz transform on the real line; this is the Hilbert
transform H. Given f ∈ Lp(R), 1 ≤ p < ∞, define

Hf(x) =
1
π

p.v.
∫ ∞

−∞

f(x − t)
t

dt.

The special feature of the Hilbert transform is that f and Hf are the boundary
values of conjugate harmonic functions on the upper half space. Let u and v be
harmonic extensions to R

2
+ of f and Hf , respectively. Then u + iv is analytic on

R
2
+. In particular,

(1.5) ∇u · ∇v = 0 and |∇v| ≤ |∇u|.
These properties have been used to evaluate through both analytic and probabilistic
techniques the exact values of the strong–type Hp for 1 < p < ∞ and weak–type
constant H1 for p = 1. See [13], [5] and [1]. The harmonic extensions of the Riesz
transforms are also conjugate harmonic functions on the upper half space. Let uj

be the harmonic extension of Rjf to R
n
+. Here R0 is the identity operator. Then

(1.6)
n∑

j=0

∂uj

∂xj
= 0,

and for i �= j,

(1.7)
∂ui

∂xj
=

∂uj

∂xi
.

These properties have been used by several authors ([16], [8], [2], [14]) to study
the strong–type (p, p) constant for the Riesz transform Rj , which is now known
([10], [3]) to equal that of the Hilbert transform H. However the techniques used in
finding the weak–type (1, 1) constant for H ([5], [1]) rely on the gradient conditions
(1.5) which do not follow from (1.6) and (1.7). Hence this question remains open
for Rj .

The conjecture is that the constant in (1.4) is independent of dimension and that
Cn in (1.2) is just c

∫
Sn−1 |Ω(x)|dσ(x). Though the Calderón-Zygmund theory may

not be sufficient to get this result, a modification of the decomposition followed by
some precise analysis allowed the author to reduce to the log n constants stated
above. By extending these methods to a limiting situation, the following theorem
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is proved in this paper. Let ν be an absolutely continuous signed measure on R
n

with |ν|(Rn) < ∞. Define

Tν(x) = lim
ε→0

∫
|x−y|>ε

Ω(x − y)
|x − y|n dν(y).

Here Ω is homogeneous of degree 0, and satisfies
∫

Sn−1 Ω(x)dσ(x) = 0 and the
regularity condition (1.3). Then

Theorem 1.1.

lim
λ→0

λ m{x ∈ R
n : |Tν(x)| > λ} =

(
1
n

∫
Sn−1

|Ω(x)|dσ(x)
)
|ν(Rn)|.

The reason for working with measures is to allow some ease in writing the proof
and to extend analogously to the setting of maximal operators. Note that the theo-
rem gives the lower bound for the weak–type constant of T as 1

n

∫
Sn−1 |Ω(x)|dσ(x).

Moreover it implies

Corollary 1.1.

(1.8) inf ‖Tν‖w(1) ≥
1
n

∫
Sn−1

|Ω(x)|dσ(x),

where the infimum is taken over all absolutely continuous probability measures, and
‖ · ‖w(1) is the weak–type (1, 1) norm defined by

‖g‖w(1) = sup
λ>0

λ m{x ∈ R
n : |g(x)| > λ}.

In Section 3, analogous results are proved for the maximal operator. The Hardy-
Littlewood maximal operator M is defined by

Mf(x) = sup
r>0

1
|B(x, r)|

∫
B(x,r)

|f(y)|dy,

for f ∈ Lp(Rn), 1 ≤ p < ∞. This operator is strong–type (p, p) and weak–
type (1, 1). The strong–type constant is independent of dimension ([19]), and the
question is open for the weak–type constant. Stein and Stromberg ([19]) proved
that the constant Cn in

m{x ∈ R
n : |Mf(x)| > λ} ≤ Cn

λ
‖f‖1

is at worst order n. Following the proof of Theorem 1.1, the following limit result
is proved for M : for f ∈ L1(Rn),

lim
λ→0

λ m{x ∈ R
n : Mf(x) > λ} = ‖f‖1.

The theorem is proved in a more general setting in Section 3. Again observe that
this means

Corollary 1.2.
inf ‖Mf‖w(1) ≥ 1,

where the infimum is taken over all functions f ∈ L1(Rn) with ‖f‖1 = 1 and
‖Mf‖w(1) = supλ>0 λ m{x ∈ R

n : Mf(x) > λ}.

Section 5 introduces these infimums as lower operator norms and suggests some
open questions.
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2. Proof of Theorem 1.1

Let ν be an absolutely continuous signed measure on R
n with |ν|(Rn) < ∞.

Define Tν(x) = limε→0

∫
|x−y|>ε

Ω(x−y)
|x−y|n dν(y). Here Ω is homogeneous of degree 0,

satisfies (1.3), and
∫

Sn−1 |Ω(x)|dσ(x) = 0. Let νt be the dilated measure: νt(E) =
ν( 1

t E). Theorem 1.1 states that

lim
λ→0

λ m{x ∈ R
n : |Tν(x)| > λ} =

(
1
n

∫
Sn−1

|Ω(x)|dσ(x)
)
|ν(Rn)|.

For the proof of this, two lemmas are needed.

Lemma 2.1. m{x ∈ R
n : |Ω(x)|

|x|n > λ} = 1
nλ

∫
Sn−1 |Ω(x)|dσ(x).

Proof. Let Eλ = {x ∈ R
n : |Ω(x)|

|x|n > λ}. For ξ ∈ Sn−1, let

Gξ = {rξ : 0 < r <
|Ω(ξ)|

1
n

λ
1
n

}.

Then Gξ ⊂ Eλ and
⋃

ξ∈Sn−1 Gξ = Eλ. Therefore

m(Eλ) =
∫

Sn−1

∫ |Ω(ξ)|1/n

λ1/n

0

rn−1dr dσ(ξ)

=
1

nλ

∫
Sn−1

|Ω(ξ)|dσ(ξ). �

Lemma 2.2. limt→0 m{x ∈ R
n : |Tνt(x)| > λ} =

(
1

nλ

∫
Sn−1 |Ω(x)|dσ(x)

)
|ν(Rn)|.

Proof. Choose δ 	 1, ε1 > 0, ε 	 δλ and t small so that |νt|(B(0, εt)) > 1 − ε,
where εt 	 ε1. Let ε2 be the minimal (there is such a minimum because |x| and
|x − y| are comparable given the placement of x and y) positive real number that
satisfies 1−ε2

|x|n ≤ 1
|x−y|n ≤ 1+ε2

|x|n for all x ∈ B(0, ε1)
c, y ∈ B(0, εt). Note that ε2 → 0

as t → 0.
Define ν1

t (x) = νt|B(0,εt) and ν2
t = νt|B(0,εt)c . Then

Tνt(x) = Tν1
t (x) + Tν2

t (x).

Let
Et

λ = {x ∈ R
n : |Tνt(x)| > λ},

Et
1,λ = {x ∈ R

n : |Tν1
t (x)| > λ},

and
Et

2,λ = {x ∈ R
n : |Tν2

t (x)| > λ}.
By the weak–type inequality,

m(Et
2,δλ) = m{x ∈ R

n : |Tν2
t (x)| > δλ}

≤ Cn

δλ
|ν2

t |(Rn) =
Cn

δλ
|νt|(B(0, ε1)

c)

<
Cnε

δλ
.

Since Et
1,(1+δ)λ ⊂ Et

2,δλ ∪ Et
λ and Et

λ ⊂ Et
2,δλ ∪ Et

1,(1−δ)λ, the following estimate
holds:

(2.1) −Cnε

δλ
+ m(Et

1,(1+δ)λ) ≤ m(Et
λ) ≤ Cnε

δλ
+ m(Et

1,(1−δ)λ).
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Since ε 	 δλ and δ 	 1, estimates on m(Et
1,λ) should approximate for m(Et

λ).
First observe that

(2.2) m(Et
1,λ) − γnεn

1 ≤ m(Et
1,λ ∩ B(0, ε1)

c) ≤ m(Et
1,λ).

To estimate m(Et
1,λ ∩ B(0, ε1)

c), split Tν1
t into two integrals:

Tν1
t (x) = lim

ε′→0

∫
{|x−y|>ε′}

Ω(x)
|x − y|n dν1

t (y)+ lim
ε′→0

∫
{|x−y|>ε′}

Ω(x − y) − Ω(x)
|x − y|n dν1

t (y).

For fixed ε′, the triangle inequality gives∣∣∣∣∣
∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x)
|x − y|n dν1

t (y)

∣∣∣∣∣ −
∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x − y) − Ω(x)
|x − y|n dν1

t (y)

∣∣∣∣∣
∣∣∣∣∣(2.3)

≤
∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x − y)
|x − y|n dν1

t (y)

∣∣∣∣∣
≤

∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x)
|x − y|n dν1

t (y)

∣∣∣∣∣ +
∫
{|x−y|>ε′}

|Ω(x − y) − Ω(x)|
|x − y|n d|ν1

t |(y).

Let

Ft = {x ∈ B(0, ε1)
c : lim

ε′→0

∣∣∣∣∣
∫
{|x−y|>ε′}

|Ω(x − y) − Ω(x)|
|x − y|n d|ν1

t |(y)

∣∣∣∣∣ ≥ δλ}.

Ft is estimated using the fact that |x−y|n and |x|n are comparable via the constant
ε2 (see the first few lines of the proof) for x ∈ B(0, ε1)

c and y ∈ B(0, εt) for t small
and the condition (1.3) assumed for the singular integral operator T . Also used is
the fact that ν1

t is supported in B(0, εt).

m(Ft) ≤ m({x ∈ B(0, ε1)
c :

∫
Rn

|Ω(x − y) − Ω(x)|
|x|n d|ν1

t |(y) ≥ δλ

(1 + ε2)
})

≤ 1 + ε2
δλ

∫
Rn

∫
B(0,ε1)

c

|Ω(x − y) − Ω(x)|
|x|n dx d|ν1

t |(y)

=
1 + ε2

δλ

∫
Rn

[∫ ∞

ε1

1
rn

∫
Sn−1

∣∣∣∣Ω
(

x

|x| −
y

|x|

)
− Ω

(
x

|x|

)∣∣∣∣
·rn−1dσ

(
x

|x|

)
dr

]
d|ν1

t |(y)

≤ Cn(1 + ε2)
δλ

∫
Rn

∫ ∞

ε1

|y|
r2

dr d|ν1
t |(y) by (1.3)

=
Cn(1 + ε2)

δλε1

∫
Rn

|y|d|ν1
t |(y)

≤ Cn(1 + ε2)
δλε1

εt|ν1
t |(Rn)

<
Cn(1 + ε2)εt

δλε1
.

Therefore

(2.4) m(Ft) <
Cn(1 + ε2)εt

δλε1
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and

m{x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ}(2.5)

≤ m(Et
1,λ ∩ B(0, ε1)

c)

< m{x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ} +

Cn(1 + ε2)εt

δλε1
.

On B(0, ε1)
c ∩ F c

t , (2.3) can be replaced by

lim
ε′→0

∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x)
|x − y|n dν1

t (y)

∣∣∣∣∣ − δλ

≤ lim
ε′→0

∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x − y)
|x − y|n dν1

t (y)

∣∣∣∣∣
≤ lim

ε′→0

∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x)
|x − y|n dν1

t (y)

∣∣∣∣∣ + δλ.

By the definition of ε2, 1−ε2
|x|n ≤ 1

|x−y|n ≤ 1+ε2
|x|n for x ∈ B(0, ε1)

c∩F c
t and y ∈ B(0, εt).

Therefore

(1 − ε2)
|Ω(x)|
|x|n |ν1

t (Rn)| − δλ

≤ lim
ε′→0

∣∣∣∣∣
∫
{|x−y|>ε′}

Ω(x − y)
|x − y|n dν1

t (y)

∣∣∣∣∣ = |Tν1
t (x)|

≤ (1 + ε2)
|Ω(x)|
|x|n |ν1

t (Rn)| + δλ.

From this it follows that

{x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ}

⊂ {x ∈ B(0, ε1)
c ∩ F c

t :
|Ω(x)|
|x|n |ν1

t (Rn)| >
(1 − δ)λ
(1 + ε2)

}
(2.6)

and

{x ∈ B(0, ε1)
c ∩ F c

t :
|Ω(x)|
|x|n |ν1

t (Rn)| >
(1 + δ)λ
(1 − ε2)

}

⊂ {x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ}.

(2.7)

Lemma 2.1 and (2.4) can now be applied to (2.6) and (2.7) to obtain

1 − ε2
n(1 + δ)λ

∫
Sn−1

|Ω(x)|dσ(x) |ν1
t (Rn)| − γnεn

1 − Cn(1 + ε2)εt

δλε1
(2.8)

≤ m{x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ}

≤ 1 + ε2
n(1 − δ)λ

∫
Sn−1

|Ω(x)|dσ(x) |ν1
t (Rn)|.

Since

|ν(Rn)| − ε < |ν1
t (Rn)| < |ν(Rn)| + ε,
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(2.8) can be replaced by

1 − ε2
n(1 + δ)λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| − Cn(1 − ε2)ε
n(1 + δ)λ

(2.9)

−γnεn
1 − Cn(1 + ε2)εt

δλε1

≤ m{x ∈ B(0, ε1)
c ∩ F c

t : |Tν1
t (x)| > λ}

≤ 1 + ε2
n(1 − δ)λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| + Cn(1 + ε2)ε
n(1 − δ)λ

.

Applying the previously found estimates gives

1 − ε2

n(1 + δ)2λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| − Cn(1 − ε2)ε
n(1 + δ)2λ

−γnεn
1 − Cn(1 + ε2)εt

δλε1
− Cnε

δλ

≤ m{x ∈ R
n : |Tνt(x)| > λ} = m(Et

λ)

≤ 1 + ε2

n(1 − δ)2λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| + Cn(1 + ε2)ε
n(1 − δ)2λ

+γnεn
1 +

2Cn(1 + ε2)εt

δλε1
+

Cnε

δλ
.

As t → 0, εt → 0 and ε2 → 0. Therefore

1
n(1 + δ)2λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| − Cn

n(1 + δ)2λ
ε − γnεn

1

≤ lim inf
t→0

m{x ∈ R
n : |Tνt(x)| > λ} ≤ lim sup

t→0
m{x ∈ R

n : |Tνt(x)| > λ}

≤ 1
n(1 − δ)2λ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)| + Cn

n(1 − δ)2λ
ε + γnεn

1 +
Cn

δλ
ε.

Finally since ε is arbitrarily small relative to the remaining small constants, first
let ε → 0 and then let δ → 0 and ε1 → 0. This gives the final result:

lim
t→0

m{x ∈ R
n : |Tνt(x)| > λ} =

1
nλ

∫
Sn−1

|Ω(x)|dσ(x) |ν(Rn)|. �

Proof of Theorem 1.1. Step 1: Tνt(x) = (Tν)t(x)

Tνt(x) = lim
ε→0

∫
{|y|>ε}

Ω(x − y)
|x − y|n dνt(y)

= lim
ε
t →0

∫
{ |y|

t > ε
t }

Ω
(

x
t − y

t

)
tn

∣∣x
t − y

t

∣∣n dν(
y

t
)

=
1
tn

(Tν)
(x

t

)
= (Tν)t(x).
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Step 2:

m{x ∈ R
n : |Tνt|(x) > λ}

= m

{
x ∈ R

n :
1
tn

|Tν|
(x

t

)
> λ

}

= m
{
x ∈ R

n : |Tν|
(x

t

)
> λtn

}

= tnm
{x

t
∈ R

n : |Tν|
(x

t

)
> λtn

}
.

Therefore,

λ m{x ∈ R
n : |Tνt|(x) > λ} = λtnm{x ∈ R

n : |Tν(x)| > λtn}.

Let t → 0. Then by Lemma 2.2,

1
n

∫
Sn−1

|Ω(x)|dσ(x) = lim
t→0

λtnm{x ∈ R
n : |Tν(x)| > λtn}

= lim
λ→0

λ m{x ∈ R
n : |Tν(x)| > λ}. �

The following is true when λ → ∞: For f ∈ L1(Rn),

lim
λ→∞

λ m{x ∈ R
n : |Tf(x)| > λ} = 0.

To check this, let ε > 0 be given and let f = f1 + f2, where f1 ∈ L1(Rn) ∩L2(Rn),
‖f1‖1 > (1 − ε)‖f‖1 and ‖f2‖1 < 2ε‖f‖1. Then

λ m{x ∈ R
n : |Tf(x)| > λ}

≤ λ m{x ∈ R
n : |Tf1(x)| > 2−1λ} + λ m{x ∈ R

n : |Tf2(x)| > 2−1λ}

≤ C

λ
‖f1‖2

2 + Cε‖f2‖1.

The second inequality is due to the fact that T is both weak–type (1, 1) and weak–
type (2, 2). Therefore

lim sup
λ→∞

λ m{x : |Tf(x)| > λ} ≤ Cε‖f‖1.

Since ε is arbitrary, the claim is proved. This is also true in the case of the maximal
operators considered next.

3. Maximal operators

Let Θ = ∆+Σ be the space of all finite signed measures on R
n. ∆ is the space of

absolutely continuous measures, and Σ is the space of mutually singular measures
with respect to the Lebesgue measure m. Define the centered maximal operator M
on Θ by

(3.1) Mν(x) = sup
r>0

|ν|(B(x, r))
m(B(x, r))

.

Define the uncentered maximal operator M̃ by

(3.2) M̃ν(x) = sup
Bx

|ν|(Bx)
m(Bx)

,
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where the sup is taken over all balls containing x. Also define a difference maximal
operator as follows: Let ν = ν+ − ν− be the Hahn decomposition for a signed
measure ν. Define

M∆ν = Mν+ − Mν−.

Then the following limit results hold for the maximal operators. The proofs are
analogous to that of Theorem 1.1.

Theorem 3.1. Let ν be a finite signed measure on R
n:

(a) limλ→0 λ m{x ∈ R
n : Mν(x) > λ} = |ν|(Rn).

(b) limλ→0 λ m{x ∈ R
n : M̃ν(x) > λ} = 2n|ν|(Rn).

(c) limλ→0 λ m{x ∈ R
n : |M∆ν(x)| > λ} = |ν(Rn)|.

The proof of part (a) requires the following analogue of Lemma 2.2. Without
loss of generality, assume ν is a probability measure, that is, ν(Rn) = |ν|(Rn) = 1.

Lemma 3.1. limt→0 λ m{x ∈ R
n : Mνt(x) > λ} = 1.

Note that the right-hand side may be replaced with λ m{x ∈ R
n : Mδ0(x) > λ},

where δ0 is the delta measure with unit mass at 0.

Proof of Lemma 3.1. Recall νt(E) = ν( 1
t E). Let ε, ε1 and δ be positive constants,

where ε is small relative to ε1 and δ. Choose t small and corresponding εt such that
νt(B(0, εt)) > 1 − ε and εt < ε1

2 . Note that εt → 0 as t → 0.
Let x ∈ B(0, ε1)

c. Then |x| > ε1 > 2εt. Let

Et
1,λ =

{
x ∈ B(0, ε1)

c : λ < Mνt(x) ≤ νt(Rn)
m(B(0, |x| − εt))

}

and

Et
2,λ =

{
x ∈ B(0, ε1)

c : λ < Mνt(x) and
νt(Rn)

m(B(0, |x| − εt))
< Mνt(x)

}
.

Then Et
1,λ and Et

2,λ are disjoint sets whose union is

{x ∈ B(0, ε1)
c : Mνt(x) > λ}.

For x ∈ Et
2,λ, there exists an r < |x| − εt such that

λ <
νt(B(x, r))
m(B(x, r))

and hence

m(B(x, r)) <
νt(B(x, r))

λ
.

By the Wiener Covering Lemma, there exists disjoint collection of such balls
Bi = B(xi, ri) such that Et

2,λ ⊂
⋃

i 5Bi. Therefore

(3.3) m(Et
2,λ) ≤ 5n

∑
i

m(Bi) < 5n
∑

i

νt(Bi)
λ

<
5nε

λ
,

since Bi ∩ B(0, εt) = ∅ for each i.
For x ∈ Et

1,λ and R > 0,

νt(B(x, R))
m(B(x, R))

≤ Mνt(x) ≤ νt(Rn)
m(B(|x|, |x| − εt))

.
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Let R = |x| + εt. Then

1 − ε

m(B(x, |x| + εt))
≤ νt(B(x, |x| + εt))

m(B(x, |x| + εt))
≤ Mνt(x) ≤ 1

m(B(x, |x| − εt))
.

Mδ0 also falls within these bounds. Since

1
(|x| − εt)n

− 1
(|x| + εt)n

→ 0 as t → 0

uniformly on R
n\B(0, ε1) and

ε

(|x| + εt)n
− ε

|x|n → 0 as t → 0

uniformly on R
n\B(0, ε1), it follows that for t small and x ∈ Et

1,λ,

|Mνt(x) − Mδ0(x)| < δ +
ε

m(B(0, |x|))
< δ +

ε

m(B(0, ε1))
< 2δ

(δ > 0 is the prefixed constant mentioned at the start of the proof). Therefore for
x ∈ Et

1,λ,

(3.4) Mνt(x) > λ implies Mδ0(x) > λ − 2δ.

Now suppose for x ∈ B(0, ε1)
c, Mδ0(x) > λ + 2δ. Then

1
m(B(x, |x|)) > λ + 2δ and |x| <

1
(γn(λ + 2δ))

1
n

.

For such x, with t and ε chosen sufficiently small,

Mνt(x) >
1 − ε

γn(|x| + εt)n
≥ 1 − ε

γn( 1

(γn(λ+2δ))
1
n

+ εt)n
> λ.

Therefore in B(0, ε1)
c,

(3.5) Mδ0(x) > λ + 2δ implies Mνt(x) > λ.

That is, x ∈ Et
1,λ. From (3.4) and (3.5), it follows that for δ > 0 and t small

enough,

m(Mδ0 > λ + 2δ) − m(B(0, ε1)) ≤ m(Et
1,λ) ≤ m(Mδ0 > λ − 2δ),

or equivalently
1

λ + 2δ
− γnεn

1 ≤ m(Et
1,λ) ≤ 1

λ − 2δ
.

Adding m(Et
2,λ) to the above and applying the estimate m(Et

2,λ) ≤ 5nε
λ results in

1
λ + 2δ

− γnεn
1 ≤ m({Mνt > λ} ∩ B(0, ε1)

c) ≤ 1
λ − 2δ

+
5nε

λ
.

Now let t → 0 to get lim inf and lim sup in the interior. Next let ε → 0, followed
by the remaining two constants, to get the final result. �
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Proof of Theorem 3.1(a). Step 1: Mνt(x) = (Mν)t(x).

Mνt(x) = sup
r>0

νt(B(x, r))
m(B(x, r))

= sup
r>0

ν( 1
t B(x, r))

m(B(x, r))

= sup
r>0

ν(B(x
t , r

t ))
m(B(x, r))

= sup
r>0

ν(B(x
t , r

t ))
tnm(B(x

t , r
t ))

= (Mν)t(x).

Step 2: m{x ∈ R
n : Mνt(x) > λ} = tnm{x ∈ R

n : Mν(x) > λtn}.
By Step 1, Mνt(x) > λ if and only if Mν(x

t ) > λtn. Therefore x ∈ {x ∈ R
n :

Mνt(x) > λ} if and only if x
t ∈ {x ∈ R

n : Mν(x) > λtn}. This implies

1
t
{x ∈ R

n : Mνt(x) > λ} = {x ∈ R
n : Mν(x) > λtn}.

Taking the measure of the sets gives
1
tn

m{x ∈ R
n : Mνt(x) > λ} = m{x ∈ R

n : Mν(x) > λtn}.

Now multiply both sides by λtn and let t → 0. Lemma 3.1 then implies the
result. �

Proof of Theorem 3.1(b). The steps are the same as for part (a) with M̃ substituted
for M . Since m{x ∈ R

n : M̃δ0(x) > λ} = 2n

λ , the theorem follows. �

Proof of Theorem 3.1(c). This follows if it is shown that M∆νt converges in mea-
sure to the function ν(Rn)

|x|n . This is a consequence of Corollary 3.3. �

Corollary 3.1. Let f ≥ 0,∈ Lp(Rn), 0 < p < ∞. Then

lim
λ→0

[λ m{x ∈ R
n : M(fp)(x) > λ}]

1
p = ‖f‖p.

The following is a conjecture left for the reader to verify.
Given f ∈ L1(Rn) ∩ L∞(Rn), λ > 0,

lim
p→∞

[λ m{x ∈ R
n : M(fp)(x) > λ}]

1
p

=

⎧⎪⎨
⎪⎩
‖f‖∞ if m(|f | > 1) > 0,

0 if |f | < 1 a.e.,
χ(0,1)(λ) if m(|f | = 1) > 0, m(|f | > 1) = 0.

Similar results depending on the support of f should be available for the case p → 0.
An important fact about maximal operators is that if f , g ∈ L∞(Rn) with

‖f‖∞ �= ‖g‖∞, then Mf and Mg are different functions. Theorem 3.1 gives the
corresponding analogue for functions in L1(Rn).

Corollary 3.2. Let f ,g ∈ L1(Rn) with ‖f‖1 �= ‖g‖1. Then Mf and Mg are
different functions.

Corollary 3.3. Let ν be a probability measure. Then Mνt → Mδ0 in measure.
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Proof. The notation here is the same as in the proof of Theorem 3.1(a). See the
beginning of the proof for details on the small constants.

Given δ′ > 0, let δ′

8 < λ < δ′

4 . Then

m(Et
2,λ) <

8(5nε)
δ′

and for t small,
|Mνt(x) − Mδ0(x)| < δ′

for x ∈ Et
1,λ.

On R
n\{Et

1,λ ∪ Et
2,λ ∪ B(0, ε1)} ⊂ {x ∈ B(0, ε1)

c : Mνt(x) ≤ δ′

4 }, it is shown in
proof of Theorem 3.1(a) that the constants t and ε can be chosen small such that
Mδ0 ≤ δ′

3 . In particular |Mνt − Mδ0| < δ′ here as well. Therefore

m{x ∈ R
n : |Mνt(x) − Mδ0(x)| > δ′} ≤ m(Et

2,λ) + m(B(0, ε1))

≤ 8(5nε)
δ′

+ γnεn
1 .

Since ε and ε1 are arbitrary with respect to δ′, there is convergence in measure. �

Corollary 3.4. The weak–type constant for M̃ is at best 2n.

If x ∈ Bx of radius r, then Bx ⊂ B(x, 2r). This implies that

M̃ν ≤ 2nMν.

Therefore since Stein and Strömberg [19] prove that the weak–type constant for M

is bounded above by cn, Corollary 3.4 implies that the weak–type constant for M̃
is between 2n and cn2n.

The next corollary is on the difference maximal operator M∆. Let L∞
0 (Rn) be

the space of compactly supported L∞ functions with integral 0. Define

M1(Rn) = {ν finite signed measure : M∆(ν) ∈ L1(Rn)}.
Then

Corollary 3.5. L∞
0 (Rn) ⊂ M1(Rn).

Proof. Let f ∈ L∞
c (Rn). Without loss of generality, assume

∫
Rn |f(x)|dx = 2 so

that
∫

Rn f+(x)dx =
∫

Rn f−(x)dx = 1. Since M∆ commutes with dilations, assume
that supp(f) ⊂ B(0, 1). As f ∈ L∞(Rn), M∆f ∈ L∞(Rn). Therefore,∫

B(0,n)

|M∆f(x)|dx < ∞.

Now |M∆f | ≤ |Mf+ − Mδ0| + |Mf− − Mδ0|. Therefore it suffices to show that∫
Rn\B(0,n)

|Mf+(x) − 1
γn|x|n |dx < ∞. Observe as in the proof of Theorem 3.1 that

in R
n\B(0, n),

1
γn(|x| + 1)n ≤ Mf+(x) ≤ 1

γn(|x| − 1)n .

Hence

|Mf+(x) − 1
γn|x|n

| ≤ 1
γn(|x| − 1)n − 1

γn(|x| + 1)n ,

an integrable function outside B(0, n). Therefore M∆f ∈ L1(Rn). �
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It is easy to see that the singular measure δx − δ−x is not in M1(Rn) though the
total mass is 0. There may be absolutely continuous measures of measure 0 that
are not in M1(Rn). The space H1(Rn) (see [18]) is the normed subspace of L1(Rn)
containing all functions f such that the Riesz transforms Rjf ∈ L1(Rn). As for
M1(Rn), all functions in H1(Rn) have integral 0. Hence the relevant question is
to ask whether M1(Rn) = H1(Rn) and whether M∆ : M1(Rn) → L1(Rn) is a
bounded operator. The nonsubaddivity of M∆ makes this nontrivial.

4. Maximal convergence

Corollary 3.3 shows that given a positive function f with L1-norm 1, its dilation
sequence (fε) converges to the delta measure δ0 in a maximal sense, although not
in L1. This suggests the following generalization:

Definition 4.1. Maximal convergence of measures: A sequence of finite signed
measures νi converges maximally to a finite signed measure µ if M∆νi converges in
measure to M∆µ.

An alternate definition would be to require M∆(νi − µ) → 0 in measure. Max-
imal convergence may be equivalent to the following:∫

Rn

g(x)dνi(x) →
∫

Rn

g(x)dµ(x)

for all g ∈ C∞
c (Rn). This is the case if νi is a dilation sequence converging to δ0.

One purpose of investigating maximal convergence would be to better under-
stand the space of all finite signed measures. Relevant are questions regarding the
completeness of Θ and denseness of L1(Rn) in Θ under this convergence. Since M is
well defined on the space of locally finite measures, the closure of Θ if it exists at all
should properly contain Θ. More importantly, it opens up the question of whether
the operator M∆ is injective over Θ. Consider the centered maximal operator M .
It is known that if f1 and f2 are two functions with different L∞ norms, then their
maximal functions are different. Corollary 3.2 states that this is also true if the L1

norms are different. The next step in this direction is to prove this for 1 < p < ∞.

5. Lower operator norms

Let A be an operator acting on Lp(Rn), 1 ≤ p ≤ ∞. Define the lower strong–
type (p, p) norm of A by

(5.1) ‖A‖l
p = inf ‖Af‖p,

where the infimum is taken over all functions f ∈ Lp(Rn) with ‖f‖p = 1. Denote
by ‖A‖l+

p the lower norm when the infimum is taken over nonnegative functions.
Analogously define the lower weak–type (p, p) norm of A by

(5.2) ‖A‖l
w(p) = inf ‖Af‖w(p).

The infimum is taken over all functions f ∈ Lp(Rn) with ‖f‖p = 1, and ‖ · ‖w(p) is
defined by

‖g‖w(p) = sup
λ>0

λpm{x ∈ R
n : |g(x)| > λ}.

Denote by ‖A‖l+
w(p) the lower weak–type (p, p) norm when the infimum is taken

over nonnegative functions. When A = M , the maximal operator, the lower norm
‖M‖l

· equals the positive lower norm ‖M‖l+
· since the functions are always taken
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in absolute value. However the results given below reveal that when A = T , the
singular integral operator, the compelling problem is to find ‖T‖l+

p and ‖T‖l+
w(p).

Corollaries 1.1 and 1.2 state that ‖T‖l+
w(1) ≥

1
n

∫
Sn−1 |Ω(x)|dσ(x) and ‖M‖l

w(1) ≥
1. The natural conjecture is that there is equality in both cases. The limiting
case is attained by the delta measure δ0. That is, ‖Tδ0‖w(1) = 1

n

∫
Sn−1 |Ω(x)|dσ(x)

and ‖Mδ0‖w(1) = 1. This is proved implicitly in the proofs of the main theorems.
However as δ0 is a singular measure, it is not apparent whether the infimum over
nonnegative L1 functions attains these values or something strictly greater. In the
special case of the Hilbert transform, the following theorem of Stein and Weiss [21]
verifies that the conjecture is true. They proved that for any measurable set E,

(5.3) λ m{x ∈ R
n : |H(χE)(x)| > λ} =

4λ|E|
eπλ − e−πλ

.

It follows that ‖H(χE)‖w(1) = 2
π |E|, and hence ‖H‖l

w(1) ≤
2
π . Since

2
π

=
1
n

∫
Sn−1

|Ω(x)|dσ(x)

for the Hilbert transform, there is equality. Note that the function in (5.3) also
gives a candidate for ‖H‖l+

p . Similar considerations show that the conjecture is
true for the maximal operator M when n = 1. In the general case, the function
χB(0,1) may satisfy the same property with ‖TχB(0,1)‖w(1) = 1

n

∫
Sn−1 |Ω(x)|dσ(x)

and ‖MχB(0,1)‖w(1) = 1. In the latter case, this is achieved if it is shown that
MχB(0,1) ≤ Mδ0 pointwise.

Davis proves in [6] that for nonnegative f ∈ L1(R) with ‖f‖1 = 1, the weak–
type (1,1) norm ‖Hf‖w(1) ≤ 1, and 1 is the best upper constant possible. Hence
combining the two results,

Theorem 5.1. If f is a nonnegative function in L1(R) with ‖f‖1 = 1, then

(5.4)
2
π

≤ sup
λ>0

λ m{x ∈ R : |Hf(x)| ≥ λ} ≤ 1,

and the constants are the best possible in (5.4).

Some more facts are proved below. The first is that ‖M‖l
w(p) ≤ ‖M‖l

w(1). To
see this, observe that for p > 1,

sup
λ>0

λpm{x ∈ R
n : |Mf(x)| > λ} = sup

λ>0
λ m{x ∈ R

n : |Mf(x)|p > λ}

≤ sup
λ>0

λ m{x ∈ R
n : M(|f |p)(x) > λ},

where the last inequality follows from Jensen’s inequality. Now take the inf in
appropriate order to get ‖M‖l

w(p) ≤ ‖M‖l
w(1). However a more precise theorem can

be proved for the maximal operator.

Theorem 5.2. For n > 2, ‖M‖l
p = 1 for all n

n−2 < p ≤ ∞.

Proof. Consider f = χB(0,1), the characteristic function on the unit ball. Then
f ≤ 1

|x|n−2 . The latter function, called w, is superharmonic in R
n, hence invariant

under M . Let u be the minimal superharmonic function above f . Since f ≤ w,
u(x) ≤ w(x) (in fact, equality holds) when |x| > 1 and u(x) = 1 when |x| < 1.
Hence u ∈ Lp(Rn) for p > n

n−2 . But Mu = u since u is superharmonic. Therefore
‖Mu‖p = ‖u‖p and ‖M‖l

p = 1. �
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Fiorenza [9] observes that nonnegative functions of one or two variables invariant
under M must be constant. This and the above proof can be combined to show that
there exists f ∈ Lp(Rn) such that Mf = f and ‖f‖p > 0 if and only if n ≥ 3 and
p > n

n−2 . This is also proved by Korry [12] using different methods. The next two
theorems give explicit information about ‖T‖l

2 and ‖H‖l
p using the corresponding

theorems for their operator norms. The singular integral operator T acting on
L2(Rn) is a Fourier multiplier operator. That is, there exists a function m ∈
L∞(Rn) such that T̂ f(ξ) = m(ξ)f̂(ξ). A well-known theorem on such multipliers
states that the L2 norm of T equals the L∞ norm of m. Hence ‖T‖2 = ‖m‖∞. See
[20] for the details. The same method allows the computation of ‖T‖l

2.

Theorem 5.3. Let T be a singular integral operator satisfying the hypothesis of
Theorem 1.1. Let m be its Fourier multiplier. Then

(5.5) ‖T‖l
2 = sup{t ≥ 0 : m{x ∈ R

n : |m(x)| < t} = 0}.

The lower strong–type (p, p) norms of the Hilbert transform H are computed
using the fact that H2 = I, the identity operator. Let Hp = ‖H‖p. This is
calculated in Pichorides [13] as

Hp =

⎧⎨
⎩

tan
(

π
2p

)
, 1 < p ≤ 2,

cot
(

π
2p

)
, 2 ≤ p < ∞.

Theorem 5.4. For 1 < p < ∞, ‖H‖l
p = H−1

p .

Proof. Since H2 = I, ‖f‖p = ‖H2f‖p ≤ Hp‖Hf‖p. Therefore ‖Hf‖p ≥ H−1
p ‖f‖p

for all f ∈ Lp(Rn). Therefore ‖H‖l
p ≥ H−1

p . Given ε > 0, let f be such that
‖Hf‖p > (Hp − ε)‖f‖p. Then ‖Hf‖p > (Hp − ε)‖H(Hf)‖p. Therefore there exists
g = Hf ∈ Lp(Rn) such that (Hp − ε)−1‖g‖p ≥ ‖Hg‖p, hence (Hp − ε)−1 ≥ ‖H‖l

p.
Since ε is arbitrary, H−1

p ≥ ‖H‖l
p. Therefore ‖H‖l

p = H−1
p . �

It is likely that ‖R‖l
p = H−1

p for R = (R1, . . . , Rn), the vector Riesz trans-
form. Note that the theorem also implies limp→1 ‖H‖l

p = 0 = limp→∞ ‖H‖l
p = 0,

suggesting that ‖H‖l
1 = 0 and ‖H‖l

∞ = 0.
While Theorems 5.3 and 5.4 suggest trivial or known values for ‖T‖l

p and ‖T‖l
w(p),

Corollary 1.1 and the easy to prove fact that ‖T‖l+
1 = ∞ foretell nontrivial and

interesting results for ‖T‖l+
p and ‖T‖l+

w(p).
OPEN Problem: Compute the ‖ · ‖l+

· norms for H, Rj , R, T and M .

6. Resolving the weak–type constant

The weak–type (1, 1) constants for the singular integral operator T and the max-
imal operator M are at worst c log n

∫
Sn−1 |Ω(x)|dσ(x) and cn, respectively. This is

proved in [11] and [19]. They are at best 1
n

∫
Sn−1 |Ω(x)|dσ(x) and 1 respectively, as

shown in this paper. The Calderón-Zygmund method of rotations shows that the
strong–type (p, p) constant for singular integral operators with odd Ω is precisely
π
2 Hp

∫
Sn−1 |Ω(x)|dσ(x). Here Hp is the strong–type (p, p) constant of the Hilbert

transform. From this and the results of this paper, one may conjecture that the
weak–type constant is between π

2nH1

∫
Sn−1 |Ω(x)|dσ(x) and π

2 H1

∫
Sn−1 |Ω(x)|dσ(x),

where H1 is the weak–type (1, 1) constant of the Hilbert transform.
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[19] E.M. Stein and J.-O. Strömberg, Behavior of maximal functions in R
n for large n, Ark. Mat.

21 (1983), no. 2, 259-269. MR0727348 (86a:42027)
[20] E.M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton

University Press, Princeton, 1971. MR0304972 (46:4102)
[21] E.M. Stein and G. Weiss, An extension of a theorem of Marcinkiewicz and some of its

applications, J. Math. Mech. 8 (1959), 263-284. MR0107163 (21:5888)

Department of Mathematics, Purdue University, West Lafayette, Indiana 47906

E-mail address: pjanakir@math.purdue.edu

Current address: Department of Mathematics, University of Illinois–Champaign, Urbana, Illi-
nois 61801

E-mail address: pjanakir@math.uiuc.edu

http://www.ams.org/mathscinet-getitem?mr=0503717
http://www.ams.org/mathscinet-getitem?mr=0503717
http://www.ams.org/mathscinet-getitem?mr=0816309
http://www.ams.org/mathscinet-getitem?mr=0816309
http://www.ams.org/mathscinet-getitem?mr=1370109
http://www.ams.org/mathscinet-getitem?mr=1370109
http://www.ams.org/mathscinet-getitem?mr=1755259
http://www.ams.org/mathscinet-getitem?mr=1755259
http://www.ams.org/mathscinet-getitem?mr=0348381
http://www.ams.org/mathscinet-getitem?mr=0348381
http://www.ams.org/mathscinet-getitem?mr=0324297
http://www.ams.org/mathscinet-getitem?mr=0324297
http://www.ams.org/mathscinet-getitem?mr=1800316
http://www.ams.org/mathscinet-getitem?mr=1800316
http://www.ams.org/mathscinet-getitem?mr=0780616
http://www.ams.org/mathscinet-getitem?mr=0780616
http://www.ams.org/mathscinet-getitem?mr=1005720
http://www.ams.org/mathscinet-getitem?mr=1005720
http://www.ams.org/mathscinet-getitem?mr=1390681
http://www.ams.org/mathscinet-getitem?mr=1390681
http://www.ams.org/mathscinet-getitem?mr=2060044
http://www.ams.org/mathscinet-getitem?mr=2060044
http://www.ams.org/mathscinet-getitem?mr=1885223
http://www.ams.org/mathscinet-getitem?mr=1885223
http://www.ams.org/mathscinet-getitem?mr=0312140
http://www.ams.org/mathscinet-getitem?mr=0312140
http://www.ams.org/mathscinet-getitem?mr=0960544
http://www.ams.org/mathscinet-getitem?mr=0960544
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.ams.org/mathscinet-getitem?mr=0290095
http://www.ams.org/mathscinet-getitem?mr=0699317
http://www.ams.org/mathscinet-getitem?mr=0699317
http://www.ams.org/mathscinet-getitem?mr=0934224
http://www.ams.org/mathscinet-getitem?mr=0934224
http://www.ams.org/mathscinet-getitem?mr=1232192
http://www.ams.org/mathscinet-getitem?mr=1232192
http://www.ams.org/mathscinet-getitem?mr=0727348
http://www.ams.org/mathscinet-getitem?mr=0727348
http://www.ams.org/mathscinet-getitem?mr=0304972
http://www.ams.org/mathscinet-getitem?mr=0304972
http://www.ams.org/mathscinet-getitem?mr=0107163
http://www.ams.org/mathscinet-getitem?mr=0107163

	1. Introduction
	2. Proof of Theorem ??
	3. Maximal operators
	4. Maximal convergence
	5. Lower operator norms
	6. Resolving the weak--type constant
	References

